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Abstract 

Global well-posedness of the initial-boundary value problem for the stochastic Kuramoto- 
Sivashinsky equation in a bounded domain D with a multiplicative noise is studied. It is shown 
that under suitable sufficient conditions, for any initial data uq 6 L 2 (D x S7) this problem has 
a unique global solution it in the space L 2 (n,C{[0,T],L 2 (£>))) for any T > 0, and the solution 
map uo h-> u is Lipschitz continuous. 

Keywords: Kuramoto-Sivashinsky equation; stochastic partial differential equations; mul- 
tiplicative noise; well-posedness. 

1 Introduction 

The deterministic Kuramoto-Sivashinsky equation was independently proposed by Kuramoto 16 
and Sivashinsky |18j as a model describing the instability and turbulence of wave fronts in chemical 
reaction and the laminar flames. It also has many applications in other fields of physics, chemistry, 
and biology. We refer the reader to see p] , [12] , [15] , [19] , [20] , [24] and references cited therein for 
the study on the deterministic Kuramoto-Sivashinsky equation and its generalizations. 

In the present paper, we consider the following initial-boundary value problem of the stochastic 
generalized Kuramoto-Sivashinsky equation driven by a multiplicative noise: 

d t u + A 2 u + Ati + divf(u) = V t , x e D, t > 0, 

u\ dD = Au\ dD = 0, t>0, (1.1) 
u\ t=0 = u , XGD. 

Here D is a bounded domain in R d with a smooth boundary, f is a given d-vector function, Vt is a 
multiplicative noise (see (1.2) below), and uq is a given initial L 2 (Z?)-valued random variable. The 
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noise is defined in a probability space (f2, J^", P) and usually we omit the dependence on samples 
lj G fi in various variables. 

The stochastic generalized Kuramoto-Sivashinsky equation (1.1) is a natural extension of the de- 
terministic Kuramoto-Sivashinsky equation subject to random influences. In |10j Duan and Ervin 
considered the stochastic Kuramoto-Sivashinsky equation with an additive noise. They proved 
global well-posedness of the one-dimensional stochastic Kuramoto-Sivashinsky equation with an 
additive noise in the L 2 space. The purpose of the present paper is to study the stochastic gener- 
alized Kuramoto-Sivashinsky equation in the case of multiplicative noise. By using the truncation 
method combined with the L 2 conservation law of the Kuramoto-Sivashinsky equation, we shall 
prove that the stochastic generalized Kuramoto-Sivashinsky equation (1.1) is globally well-posed in 
the L 2 space. Here we remark that in [10] , in order to establish L 2 well-posedness of the stochastic 
Kuramoto-Sivashinsky equation with additive noise, the authors used a variable transformation to 
transform the stochastic equation into a deterministic equation with the sample point variable as 
a parameter. This method clearly does not work for the present multiplicative noise case. 

During the past twenty years, great advancement has been made to the study of stochastic 
partial differential equations. Some general theories for such equations have been well-established, 
see, for instance, [5], [5], [TT] and the references cited therein. We note that despite that the 
Kuramoto-Sivashinsky equation is a parabolic equation, the general theory of parabolic stochastic 
partial differential equations developed in the above-mentioned literatures does not apply to the 
stochastic Kuramoto-Sivashinsky equation with a multiplicative noise. This is because that in such 
a theory the nonlinearity is required to be of the asymptotically linear type, whereas the Kuramoto- 
Sivashinsky equation has a quadratic nonlinear term. Note that for the stochastic nonlinear wave 
equations with certain polynomial nonlinear terms, this difficulty can be overcome with the aid 
of the H l conservation law of the nonlinear wave equations (cf. [6]-[8]). For the Kuramoto- 
Sivashinsky equation and its generalized forms, we have only the L 2 conservation law but not 
any other higher-order conservation laws. It follows that growth condition in the generalized 
Kuramoto-Sivashinsky equations is more restrictive than the nonlinear wave equations. Similar 
features are possessed by the stochastic Burgers equations (cf. [13], [14] and [21]) and the stochastic 
Navier-Stokes equations (cf. [2], [3J and [17]). However, for these equations, since they are of the 
second-order, in order to get well-posedness of the initial and initial-boundary value problems, 
the space dimension d is required to be not greater than 2, and for the case d > 3 we have 
only existence of weak solutions but not any well-posedness result (cf. [2], [3] and [T7]). For the 
stochastic Kuramoto-Sivashinsky equation, as we shall see below, since it is a fourth-order parabolic 
equation, well-posedness can be ensured for d < 5. For discussions on other fourth-order parabolic 
equations, such as the stochastic Cahn-Hilliard equation, we refer the reader to see [4] and the 
references cited therein. We also refer the reader to see [22] and [23] for the study of long-term 
behavior of solutions of the stochastic Kuramoto-Sivashinsky equation (with additive noise) . 

We make the following assumption on the nonlinearity f: 

Assumption (A) f (0) = 0, and there exist constants C > and p > 1 such that 
|f(tt)-f(«)| < C(l + |tt| + IvD^- 1 !^ - t;| for u,veR. 
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As for the noise term V t , we assume that it has the following expression: 

V t = cr(t,x,u,du,d 2 u)W tl (1.2) 

where a is a given function, and W t is a L 2 (D) valued Wiener process (see Section 2.2 for details; 
top dots denotes the derivatives in t). 

We impose the following assumption on noise intensity a: 

Assumption (B) There exist constants C > and e > such that 

|o-(t,ar,ui,£i,Ci) - a(t,x,u 2 , £2,(2)! < Cflui - u 2 \ + |£i - 61) +e|Ci - C2I) for H,»el. 

for t > 0, x G D, u,v £ R, £i,£ 2 € K d and (1,(2 G R^" 1 ). 

Let J? be the covariance operator of the Wiener process W, and r(x, j/) be its kernel (see Section 
2.2 for details). We need the following assumption on the kernel function: 

Assumption (C) The kernel function r is in L°°(D xD), so that there exists a constant C > 
such that 

f(x, y) < C for x,y £ D. 

Let us now present the main result of this paper. We first consider the special case that a does 
not depend on derivatives of u. In this case we have the following result: 

Theorem 1.1 Let the assumptions (A) , (B) and (C) be satisfied. Suppose further that o~(t,x,u, £, £) = 
a(t,x,u) and 1 < p < 2 for 1 < d < 5 and 1 < p < 1 + | /or > 6. T/ien tfee problem (1.1) is 
globally well-posed in L 2 (D x 0). More precisely, for any w G L 2 (Z) x 0) i/ie problem (1.1) /ias 
a unique solution u such that for any T > 0, u £ L 2 (Q, C([0, T], L 2 (D))), and the solution map 
u M> u is a Lipschitz continuous map from L 2 (D x O) to L 2 (Q, C([0, T], L 2 (D))). □ 

Next we consider the general case. In this case our result is as follows: 

Theorem 1.2 Let the assumptions {A), (B) and (C) be satisfied. Suppose further that 1 < p < 2 
for d = 1 and 1 < p < 1 + | for d > 2. 77ie« t/iere exists e > such that if \e\ < e$, then 
the problem (1.1) is globally well-posed in L 2 (D x O). More precisely, for any m G £ 2 (D x fi) 
i/ie problem (1.1) /ias a unique solution u such that for any T > 0, u £ L 2 {VL, C([0, T], L 2 {D)) f~1 
i 2 ([0, T], H 2 {D))), and the solution map u n> u is a Lipschitz continuous map from L 2 (D x Q) 
to L 2 (Q,C([0,T},L 2 (D))r\L 2 ([0,T],H 2 (D))). □ 

Remarks. (1) Note that L 2 (n, C([0, T], L 2 (D))) ^ C([0,T},L 2 (D x 0)) (for deterministic 
T > 0). This justifies the notion of "well-posedness in L 2 (D x 0)". 

(2) Throughout this paper, for simplicity we only consider the noise consisting of a simple term 
aW . The theorems hold true for multiple noise terms YllLi with independent Wiener fields 
Wj's, provided that each cr, satisfies the same conditions imposed on a. 

(3) Our concern in this paper is well-posedness of the problem (1.1) in suitable function spaces. 
Theorems 1.1 and 1.2 give sufficient conditions to ensure global well-posedness of the problem 
(1.1) in the space L 2 (D x 51). If one is not concerned with well-posedness but merely interested in 
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existence of a solution (so that the solution might not be unique and continuously depend on the 
initial data), then these sufficient conditions can be weakened. We shall discuss this problem in a 
different paper. 

The rest of this paper is organized as follows. In Section 2 we present some preliminary 
materials. In Section 3 we present the proof of Theorem 1.1, and in Section 4 we present the proof 
of Theorem 1.2. 

2 Preliminaries 

In this section we give some fundamental estimates for integrals related to the Green's function 
G(x, y, t) of the the linear partial differential equation d t u + A 2 u + Au + cu = (in D) subject to 
the boundary value conditions u\od = Au\qd — 0. We hrst consider deterministic integrals, and 
next consider stochastic integrals. 

2.1 Estimates for deterministic integrals 

Let {\k\kL\ be the sequence of eigenvalues of the minus Laplace —A on D subject to the homoge- 
neous Dirichlct boundary condition, where multiple eigenvalues are counted in their multiplicities. 
Let {4>k}kLi be the corresponding sequence of cigenfunctions. We assume that they are suitably 
chosen so that they form an orthonormal basis of L 2 (D). Since lim^^ \ k (X k — 1) = oo, there 
exists c > such that fi k '■= ^k(^k — 1) + c > for all fc £ N. Choose a such c and fix it. Let 

oo 

G(t,x,y) =J2<t>k(x)Mv)e~ flkt , *,V eA t > 0; G(x,y,0) = 5(x - y). 

k=l 

G is the Green's function of the linear partial differential equation dtu + A 2 w + Au + cu = (in 
D) subject to the boundary value conditions u\qd = Au\qd = 0. Note that min^i fx k > 0. 

Lemma 2.1 For any ip G L 2 (D) and a E U\_ we have 

||c£ / G(t,x,yMy)dy\\ L 2 < Ct^M* for t > 0. (2.1) 

J D 

Proof. For simplicity of the notation we denote S(t)ip(x) — f D G(x,y,t)tp(y)dy. We first 
consider the case a = 0. For ip e L 2 (D), let (p = J2T=i a k4>k- Then S(t)(p = J2T=i a fce~ Mfct 0fc, so 
that 

oo oo 

\\S(t)<p\\h - E a ' e ~ 2Wst ^ ^ E a ' = e - 2C0t y\\h (co = mjw > 0), (2.2) 
fe=i fe=i 

by which the assertion for the case a = follows. Next, since AS(t)ip = — J2"kLi a k^ke^ fJ ' kt (j)k, we 
have 

oo 

\\AS(tMh=J24^e- 2nt . 
fe=i 
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Since [ik > for all k and limfc_ s . 00 ^ = 1, there exists a positive constant C, actually C = 
maxfc>i 7^, such that A? < Cufe for all k. Hence 

OO OO 

\\AS(tM 2 L2 < C]Ta^ fee - 2 ^ < Ct-^rt = C^IMll- (2.3) 
k=i fe=i 

In getting the second last relation we used the elementary inequality xe~ x < 1/e (for x > 0). Since 
£(£)<£ G H 2 (D) fl Hq(D) for all £ > 0, by making use of the well-known Agmon-Douglis-Nirenberg 
inequality (in L 2 case) and the estimates (2.2) and (2.3) we have 

E H^iMU. < C(||A5(£)^|| L2 + \\S{t)<p\\ L ,) < Ct-i\\<p\\ L ,. 

|o|=2 

This proves the assertion for the case \a\ = 2. The case \a\ = 1 then follows from interpolation. 
For general a£Z| the proof is similar. We omit the details. □ 

Lemma 2.2 For any 1 < q < 2, a G 7L\ and ip E L q (D) we have 

\\d« [ G(t,x,yMy)dy\\ L2 <Ct-i^-^y\\ L «, (2.4) 

JD 

where C is a positive constant depending only on D, d, q and a. 

Proof. We only need to give the proof for the case q = 1, because the case q = 2 is ensured 
by Lemma 2.1, and the rest cases follow from these two special cases by interpolation. Moreover, 
we may assume that ip <G L X {D) n L 2 (D), because if this is proved then for general ip £ ^(D) the 
desired assertion then follows from the density of L 1 (D)nL 2 (D) in L X {D). For p G L 1 (D)nL 2 (D) 
we let ip = Y^ =1 a k <t>k- Then S{t)ip = ZZi Ofce-"*Vfc, «° that \\S(t)tp\\ 2 La = ££° =1 a 2 ^"*- We 
have 

|ofc| = | / <p(x)(/)k(x)dx\ <\\ip\\ L i\\(l) k \\ L oo <C\£\\ip\\ L i. 



d 

Here we used the inequality < CX^ , whose simple proof is as follows: Choose an integer 

I sufficiently large such that 21 > d/2. Then by making use of the Gagliardo-Nirenberg inequality 
and the equation A l <pk = (—\k) l( f>k we have 

<C||0 fc |fc*||AVfc||J = CAj. 

Hence 

oo 1 

||5(£)^|| L2 < Cll^lUx ( E A|e" 2 «*) 5 < cH II^IUx. 
fe=i 

By a similar argument we see that for any positive integer I, 

\\A l S(t)<p\\ L , <cH-l\\<p\\ L i. 

By using again the Gagliardo-Nirenberg inequality we see that for any a£Z|, 

\\d«s{t)ip\\ L . <ct-i-^\\ v \\ L ,. 
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This proves the desired assertion. □ 

We shall also need the following preliminary result which follows from the energy identity for 
the equation d t u + A 2 u + Au + cu = f: 

Lemma 2.3 For (p e L 2 {D) we have 

f || / G(t,x,y)<p(y)dy\\ 2 H2 dt<C\\<p\\l a for t > 0. (2.5) 

Jo J D 

Proof. We first assume that <p E H 2 (D)nH^(D). In this case u(t) := S(t)ip G C°°([0, oo), H 2 (D)C\ 
Hq(D)), so that the following calculations make sense. By multiplying both sides of the equation 
d t u + A 2 u + Au + cu = with u and integrating over D, we see that 

~||u(t)||£ a + ||A«(t)||i a - ||Vu(t)||£ a + c\\u(t)\\h = 0. 

It follows that 

||«(f)||£ a + 2 A||A«(r)||i a - ||V«(r)||i 2 ]dr < |M|£ 2 . (2.6) 
Jo 

Since u(t) <= H 2 (D) n H$(D) for all t > 0, we have 

||V«(t)||£ a < \\Au(t)\\L>\Ht)\\Li < l\\Au(t)\\ 2 L2 + l\\u(t)\\l 2 . 
Hence, from (2.6) we get 



/ ||A«(r)||£ a dr<|b||£ a + / ||«(r)||£ a dr. 
Jo Jo 

It follows by the Agmon-Douglis-Nirenberg inequality and (2.4) that 

f \Hr)\\ 2 H2 dr <C [\\\Au(T)\\ 2 L2 dT + ||«(r)||£ 2 ]dr < C\\<p\\h + C f e^Ml!^ < C|M|£ 2 . 
Jo Jo Jo 

For general tp e L 2 {D) we use approximation. □ 



2.2 Estimates for stochastic integrals 

Let Wt = Wt(x,ui) (t > 0) be a L 2 (D) valued Wiener process on a probability space (fi, 
i.e., there exists a complete normalized orthogonal basis {ek}^i of L 2 (D), a sequence of positive 
numbers {ck}"j? =1 satisfying Y^kLi c t < 00 > an( ^ a sequence of independent, identically distributed 
standard Brownian motions — w^(lo) (k = 1, 2, • • ■ ) on (Q, P), such that 

oo 

W t {x,cj) = ^2c k Wt(uj)e k (x). 

k=l 

By convention, later on we will omit the sample point variable w and simply write Wt(x,u>) and 
u>t (w) respectively as W t (x) and . Note that W t is the limit of the finite dimensional Wiener 
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process W? = Yl=i CkW^e k in L 2 (fl, C([0, T],L 2 (D))) (for any T > 0, cf. 9 ]), so that it belongs 
to L 2 {Q 1 C{[0,T],L 2 {D))) (foranyT>0). Let 

OO 

r(x,y) = ^c 2 k e k {x)e k {y). 

k=l 

Then JJ DxD \r(x,y)\ 2 dxdy = Ylk=i c k ^ (S/cli c k) 2 < °°> i- e -' r 6 -^O x -°)- Moreover, it is 
clear that r(x,y) = r(y,x), and ff D D r(x,y)cp(x)tp(y)dxdy > for any G L 2 (D). Hence r(x,y) 
defines a positive semi-definite self-adjoint Hilbert-Schmidt operator R on L 2 (D): 

{R<p){x) = / r(x,y)ip(y)dy for ipeL 2 {D). 
Jd 

In fact, i? is a self-adjoint trace class operator on L 2 (D), with 



r. OO 

l-Rll^i = Trii = / r(x, x)dx = c\ < oo. 



fc=l 

A simple computation shows that 

EW t (x) = and E{Wt{x)W s {y)} = (t A s)r(x, y), 

where t A s — min{£, s}. Note also that r(x, x) — J2kLi c k e K x ) > for x G -D. 

Let {J^t}t>o be a filtration of the sub er-ficlds of j?, and u t — u(t,x,ui) be a continuous L 2 (D)- 
valued ^-adapted random field satisfying the condition 

E [ \\u t \\ 2 R dt < oo, where \\u t \\ 2 R = f r(x,x)\u(t 7 x 7 uj)\ 2 dx. (2.7) 

JO J D 

Again, by convention later on we omit the sample point variable uj in u(t, x, lu) and simply write 
it as Ut = u(t, x). 



Lemma 2.4 Assume that the condition (2.7) is satisfied. Then we have the following estimate: 

E( sup || / [ G(t- S ,x,y)u(y : s)dydW s (y)\\ 2 L2 ) <CE( [ \\u t \\ 2 R dt) . (2.8 
^o<t<T Jo Jd ' K Jo ' 

Proof. This is a corollary of Theorem 6.10 of [5]. □ 
Lemma 2.5 Assume that the condition (2.7) is satisfied. Then we have the following estimate: 



]T E^J* \\d«jJ D G(t - s,x,y)u(s,y)dydW a (y)\\hdt) < CE^ £ \\u\\ 2 R dt 



(2.9) 



*|=2 

Proof. Since G(t,x,y) = J2T=i 4'k(x)4>k(y)e~^ kt , we have 



A f [ G(t - s,x,y)u(s,y)dydW s (y) = -VA^VfcWf / / e"*V*(w)«(«. y)dydW s (y)) , 
■lo J d k=1 x JoJd 
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so that 



T r t 



E\ ||A / / G(t-s,x,y)u{s,y)dydW s {y)\\l.dt 



o JqJd 



= E / {E A * e ~ 2/lfc *(/ / e^ s fc (y)u( S ,y)dyd^ s (y)) }di 

fc = 1 J J D 

= X>ft [ T e- 2 ^E( f ( e^ s MyHs,y)dydW s (y)) 2 dt 
k=1 Jo k Jqjd ' 

oo T t 

= Y. X l e~^ kt [E / e 2 ^ s {R(j )k u s ^ k u s )ds)dt 
k=i Jo Wo ' 



fe=i 

1 °° A 2 /" T f TM 
<rV- W (R(f> k u s ,(f>kU s )ds <CE y^(R(j) k u Sl (t) k u s )ds 

=CE I J r(x,x)u 2 (s,x)dxds (because (j>k(x)4>k(y) — 6(x — y)) 
Jo Jd fe=1 



=C£ / |Kv)ll;A (2-io) 

Jo 

In getting the third equality we used the following generalized ltd isometry: 

E( K JJ^u(s 1 y)dydW s {y)) 2 =E J (Ru{s r ),u{s r ))ds, 

whose proof is an easy exercise of the stochastic integrals. Indeed, by letting J t (x) — Jqu(s, y)dW s (y), 
we have, by the stochastic Fubini theorem (see [5]), that 

Ei K jJ D U(s 1 y)dydW s {y)) 2 = E (JJ q u( Sl y)dW s {y)dy) 2 

=E{(J u l)(JtA)} = E f (Ru(s,-),u(s,-))ds. 







Having proved (2.10), (2.9) follows immediately from the Agmon-Douglis-Nirenberg inequality. 

□ 

3 The proof of Theorem 1.1 

In this section we give the proof of Theorem 1.1. We shall use the truncation method to prove this 
theorem. 

For every integer N > we consider a truncated problem as follows: First we choose a mollificr 
t]n, i.e., t]n ■ [0, oo) — > [0, 1] is a C°° function satisfying the condition 



1 for < r < N, 
for r > 2N. 
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For u € L 2 , let Snu = ??jv(||w||i,2)u and fiv(w) = f(Sjvti). The truncated problem takes the form: 

9 t u + A 2 u + Au + divfAr(u) = a(t, x,u)W t , x € D, t > 0, 
u| 9D = Au| 9D =0, i>0, (3.1) 
u\ t =o = u , x e D. 

Using the Green's function and the Duhamel's formula, we can convert the above problem into the 
following equivalent stochastic integral equation: 

u(t,x) = / G(t,x,y)u (y)dy + c / G(t - s,x,y)u(s,y)dyds 

JD JO JD 

+ VG{t- s,x,y) -f N (u(s,y))dyds 

JO JD 

G(t-s, x, y)a(s, y, u(s, y))dydW s (y). (3.2) 



JD 



In what follows we use the Banach fixed point theorem to prove that the above problem is globally 
well-posed in L 2 (D x 0). 

For any T > 0, let Xt be the set of L 2 (D)-valued ^-adapted continuous random processes u 
on [0,T] such that the norm 



\\u\\x T = [E sup ||w|| L 2 

v 0<t<T ' 

is finite, i.e., Xt is the set of ^(-adapted random processes belonging to L 2 (£l, C([0, T], L 2 (D)). It 
is evident that (Xt, || ■ ||x T ) i s a Banach space. For u G Xt, let Tu be the right-hand side of (3.2). 
In what follows we prove that for any u £ Xt, Tm is well-defined and belongs to Xt as well, and 
the operator T : Xt — > Xt defined in this way is a contraction mapping provided T is sufficiently 
small. 

We first note that the assumption (A) ensures that for any u, v e L 2 (D), 

\\f{u)\\ L% <C(1 + ||< 2 ), (3.3) 
||f(«) - f [v)\\ l% <C(1 + ||u|| La + hW^Wu v\\„. (3.4) 

Indeed, by using the assumption (A) we have 

||f(«)-f(w)||*a <C [ (l + lul + lvDifr-^lu-vlida; 

Lp J D 

by which (3.3) and (3.4) immediately follow. We also note that the assumptions (B) and (C) 
ensure that there exists some constant C > such that for any u, v G L 2 (D), 

\\<T(t,x,u)\\ 2 R <C(l + \\u\\ 2 L2 ), (3.5) 
\\a(t,x,u) - a{t,x,v)\\ 2 R < C\\u - v\\ 2 L2 . (3.6) 
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Indeed, the assumptions (C) implies that \\u\\r < C||m||i,2. Hence, by using the assumptions (B) 
we immediately obtain these estimates. 

By using Lemma 2.1 with a = we have 

E( sup || f G(t,x,y)u (y)dy\\ 2 L2 ) <CE(\\u Q \\l 2 ), (3.7) 

v 0<t<T JD / \ / 

and 

E( sup || f f G(t,x 7 y)u( S ,y)dyd S \\ 2 L2 ) <CE( f \\u(s, ^ds) < CTe( sup ||u||| 2 Y 

(3.8) 

Next, note that by (3.3) we have 

||Mu)|y = ||f(^)|| Lf < C(l + \\S N u\^ L2 ) < C(N). (3.9) 



2 

V 

p ensures that 1 < q = | < 2 and i < |(p — 1) + j < 1, we have 



Hence, by using Lemma 2.2 with |a| = 1 and q = |, and noticing the fact that the conditions on 



o JD 



(3.10) 



VG(t - s, a;, y) ■ i N {u{s, y))dyds\\ L 2 
< I \\ I VG{t-s,x,y)-f N (u(s,y))dy\\ L 2ds 

JO JD 

<C f\t - 8)-te-V-l \\f N (u(s, y))\\2ds 

Jo LP 
ft 

<C{N) / (t-syi^-V-ids 
Jo 

=c(A0* f ~* (p_1) , 

which yields 

E( sup || f [ VG{t-s,x,y)-f N {u{s,y))dyds\\l 2 )<C{N)Ti-i^\ 

v 0<t<T Jo JD ' 

For the stochastic integral, by using Lemma 2.4 and (3.5) we have 

E( sup || f f G(t - S ,x,y)a(u( S ,y))dydW s (y)\\ 2 L2 ) 

v 0<t<T Jo JD 7 

<CE(£ Mu)\\ 2 R dt) < Ce[J\i + \\u\\ 2 L2 )dt) 

<CT{1 + E( sup \\u\\ 2 L2 )}. (3.11) 

0<t<T 

Combining the inequalities (3.7), (3.8), (3.10) and (3.11), we see that there exists constant C(N, T) > 
such that 

\\Tu\\ 2 Xt <c(n,t){i + e(\\u q \\ 2 l2 ) + \\u\\ 2 Xt }. 
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Therefore, the operator T is well-defined and maps Xt into itself. 
Next, from (3.2) we see that for u,v 6 Xt, 

Tu-Tv = c / G(t- s,x,y)[u(s,y) -v(s,y)]dyds 

JO J D 

+ 11 VG(t- s,x,y) -[f N (u(s,y)) - f N (v(s,y))]dyds 

JO J D 

+ [ [ G(t - s,x,y)[a(u(s,y)) - <r(v(s,y))]dydW s (y). 

JO J D 

By making use of (3.8) we have 

E( sup || f f G(t,x,y)[u( S ,y)~v( S ,y)}dyds\\ 2 L2 ) <CTE( sup ||u-t;||£ a Y (3.12) 

From (3.4) we see that 

\\f N (u) - i N (v)\\ L i = \\{(S N u) - f(S N v)\\j 

< £7(1 + ll^nll^ + WSnvU^WSnu - S N v\\ L2 
<C(N)\\u-v\\ L 2. (3.13) 

Using this inequality and a similar argument as in the proof of (3.9) we get 

El sup || / / WG(t-s,x,y)- [f N (u(s,y)) - f N (v(s,y))]dyds\\ 2 L2 ) 

M)<t<T Jo JD J 

<CE\ sup ( [\t-s)-i( p -V-i\\f N (u)-f N (v)\\ zds) 2 } 

^ 0<t<T Wo Lp J i 

<C{N)e( sup \\u-v\\ 2 L2 )( [\t-s)-i( p -V-idsY 

^ 0<t<T ' ^ Jo ' 

<C(N)Ti-^ p -^E( sup ||u-v||£ 2 Y (3.14) 

^0<t<T ' 

Finally, by Lemma 2.4 and (3.6) we have 

E { SU P II / / G(t- s,x,y)[a{u{s,y)) -a{v(s,y))]dyds\\ 2 L2 ) 

v 0<t<T Jo JD ' 

<CE( £ \\a(u) a(v)\\ 2 R dt) <CE(£\\u- v\\\ 2 dt) 

<CTE( sup \\u-v\\ 2 L2 ). (3.15) 

Combining (3.12), (3.14) and (3.15), we get 

\\Tu Tv\\ 2 Xt < C(N)(Ti-^-V +T)\\u- v\\ 2 Xt . 

Since § - f (p - 1) > 0, we see that if T is sufficiently small so that C(N)(Ti-i^-^ + T) < 1, 
then the operator T is a contraction mapping on Xt- 

11 



By the Banach fixed point theorem, it follows that if T is so small that C{N){T^-i^-^ +T) < 
1, then the equation (3.2) has a unique solution in Xt- Since T does not depend on uq, by a classical 
argument, the solution can be extended over all the right-half line [0, oo), i.e. the truncated problem 
(3.1) has a unique global solution u N (t, x). Moreover, since this solution is obtained by using the 
Banach fixed point theorem, we see that the solution map u H» u N is Lipschitz continuous from 
L 2 {VL, L 2 {D)) to X T for any T > 0. Hence the problem (3.1) is globally well-posed in L 2 {VL, L 2 {D)). 

We now introduce a stopping time tn as follows: 

t n = m£{t > : \\u N (t,-)\\ L 2 > N} 

if the set on the right-hand side is nonempty, and set tn — T otherwise. Then, for t < tn, 
u(t,x) — u N (t,x) is the solution of the problem (1.1). Since tn is increasing in N, we can define 
Too = liniAf^oo tn- For t < Too, we have t < tn for some N > 0, and we define u(t, x) — u N (t, x). 
By uniqueness of the solution of the truncated problem (3.1), this definition makes sense. Thus 
we have proved that there exists a almost everywhere defined function t^ : fi — > (0, oo] such that 
the problem (1.1) has a solution on [0,Too) x D almost surely in Q. This proves local existence of 
a solution of the problem (1.1). Moreover, from the above argument we easily see that if Too < oo, 
then 

limsup \\u(t, -)\\l 2 = °°- 

ttToo 

For uniqueness, suppose that there is another solution u(t,x) defined for t < t for a stopping 
time t, i.e., limsup t1 - r \\u(t, -)IU 2 = °°- Then r > tn for any N > 0, and u(t,x) — u N (t,x) 
for t < tn, by uniqueness of the solution of the problem (3.1). It follows that r > Too and 
u(t,x) — u(t,x) for t < Too. This further implies that t = Too- Therefore, the solution of the 
problem (1.1) is unique. 

To obtain a global solution, we only need to prove that for any finite T > 0, there exists a 
corresponding constant C(T) > such that 

E\\u TATN \\ 2 L2 <C(T). (3.16) 

Here and hereafter we use the notation u t /\ TN to denote the value of u = u N (defined on the time 
interval [0,tn)) at the time t A tn- Indeed, by the Doob's inequality we have 

E\\utat n \\ 2 L 2 > E{I(t n < T)|| UTATJV ||| 2 } > N 2 P{t n < T}, 

where / denotes the indicate function. If (3.15) holds, then we get 

C(T) 



P{tn <T}< 



N 2 



By the Borel-Cantelli lemma, we have 

P{too < T) = 0, 

and, therefore, P{too > T} = 1 for any T > 0. Hence u(t,x) = limjv^oo u N (t, x) is a global 
solution to the problem (1.1) as claimed. Therefore, it suffices to prove (3.16). 
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Since u tATN is the solution of the problem (3.1) in the time interval [0,T A tn), by noticing 
the fact that f/v(w) = i(u) in this time interval and using the Ito's formula, we get the following 
equation: 

rtATN 

\\ u tAT N \\h HKHI2 - 2 / (A 2 u s + Au s + divi (u s ),u s )ds 
Jo 

+ 2 (a(u s )dW s ,u s ) + / \\a(u s )\\ 2 R ds. 



By integral by parts, we have 

rtATN rtATN rtATN 

\\utAT N \\ 2 L 2 = \\u \\ 2 L2 - 2 (||Aw s ||| 2 -||Vu s ||| 2 )rfs + 2 / (a(u s )dW s ,u s ) + \\a(u s )\\ 2 R ds. 



Jo 



Taking the expectation and using (3.5), we get 

rtATN rtATN 

E\\u tATN \\ 2 L2 =E\\u \\ 2 L2 -2E / (\\Au s \\ 2 L2 - \\Vu s \\ 2 L2 )d s + E / \\a(u s )\\ 2 R ds 

Jo Jo 

<E\\u \\ 2 L2 -2E (\\Au s \\ 2 L2 -\\Vu s \\ 2 L2 )ds + CE (1 + \\u s \\ 2 L2 )ds. 
Jo Jo 

Since ||Au s ||| 2 - ||Vu s ||| 2 > A x (Ai - l)||u s ||| 2 , we have 

rtATN rtATN 

E\\u tATN \\ 2 L2 < E\\u \\ 2 L2 -2Ar(Ai - l)E / ||w s ||| 2 ds + CE / (1 + \\u s \\ 2 L2 )ds 

Jo Jo 

<CT + E\\u Q \\ 2 L2 + {C + 2^-2X1) f E\\u sATN \\ 2 L2 ds. 

Jo 

By the Gronwall's lemma, this yields the following estimate: 

E\\u tATN \\ 2 L2 < (E\\u \\ 2 L2 +CT)eS c+2 ^- 2X ^ < C(T), 

where C(T) is a positive constant independent of N. Letting t = T, we see that (3.16) follows. 
This completes the proof of Theorem 1.1. 

4 The proof of Theorem 1.2 

In this section we give the proof of Theorem 1.2. Again, we shall use the truncation method to 
prove this theorem, but we have to use a different work space. 

For every integer N > let be as before. We consider the following truncated problem: 

d t u + A 2 u + Au + divf)v(u) = a(t,x, u,d x u, d 2 x u)W u x e D, t > 0, 
< u\ dD = Au\ dD = 0, t>0, (4.1) 
u\ t= o =u , x e D. 

As before, we can convert the above problem into the following equivalent stochastic integral 
equation: 

u(t,x)= / G(t,x,y)u (y)dy + c / G(t - s 1 x 1 y)u(s 1 y)dyds 

JD JOJD 
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t 

VG(t - s, x, y) ■ f N (u(s, y))dyds 



o JD 
t 



+ 11 G{t-s,x 1 y)cr{s 1 y,u{s,y) 1 dyu(s,y),dlu(s 1 y))dydW s {y). (4.2) 

JO JD 

In what follows we use the Banach fixed point theorem to prove that the above problem is globally 
well-posed in L 2 (D x 0). 

For any T > 0, let Yt be the set of L 2 (D)-valued ^-adapted continuous random processes u 
on [0, T] such that the norm 



\\u\\ Yt =(e sup \\u\\ 2 L2 +E \\u\\ 2 H2 dt) 

v 0<t<T Jo 7 



is finite, i.e., Yt is the set of ^-adapted random processes belonging to L 2 (tt, C([0, T], L 2 (D)) n 
L 2 ({0,T],H 2 (D))). It is evident that (Y T , \\ ■ \\y t ) 1S a Banach space. For u e Y T , let Tu be the 
right-hand side of (4.2). In what follows we prove that for any u e Yt, Tu is well-defined and 
belongs to Yt as well, and the operator r : Yt — > Yt defined in this way is a contraction mapping 
provided T is sufficiently small. 

We first note that the assumptions (B) and (C) ensure that there exists some constant C > 
and e > such that for any u, v e H 2 (D), 

\\a(t, x, u, d x u, d 2 x u)\\ 2 R <C(l + \\u\\ 2 L2 ) + e\\u\\ 2 H2 , (4.3) 
\\a(t,x,u, d x u,d 2 u) - a(t,x, v, d x v,dlv)\\ 2 R < C\\u - v\\\ 2 + e\\u - v\\ 2 H2 . (4.4) 

By using Lemma 2.4 and (4.3) we have 

E { SU P II / / G(t - s,x,y)a(u(s,y),d x u(s,y),d x l u(s,y))dydW s (y)\\ 2 L2 ) 
^o<t<T JoJd ' 

<CE(J^ \\a(u,d x u,d 2 x u)\\ 2 R dt) <E(J^ C(l + \\u\\ 2 L2 ) + C(s)\\u\\ 2 H2 dt) 

<C(T,e)(l + E sup \\u\\ 2 L2 +E [ \\u\\ 2 H2 dt) < C{T,e)(l + \\u\\l ). (4.5) 

0<t<T Jo 

Combing this with the estimates (3.7), (3.8) and (3.10) in Section 3, we see that there exists 
constant C (TV, T, e) > such that 

E sup ||ru||i a <C7(iV,T,e){l + £;(||«o||| a ) + IH|y T }- (4-6) 

0<t<T 

Next, by Lemma 2.3 we have 

e[ II f G(x,y,t)uo(y)dy\\ 2 H2 dt<CE\\u \\ 2 L2 . (4.7) 

JO JD 

Moreover, by using Lemma 2.1 with \a\ = 0, 2 we have 

|| / / G(t- s,x,y)u(s,y)dyds\\ H2 <C || / G(t - s 1 x 1 y)u(s 1 y)dy\\ H2 ds 

JO JD JO JD 
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<C f {l + (t- s)-?}\\u\\ L 2ds <C(t + t?) sup ||u|| L 2, 

JO 0<s<t 

so that 

E f || / / G{t-s,x,y)u{s,y)dyds\\ 2 H2 dt<CTi(l + T 1 2)E sup |M|| 2 . 

JO JO Jd 0<t<T 

Similarly, by using Lemma 2.2 with \a\ = 1,3 and q = |, we have 

|| / / VG(t - s,x,y) • fAr(M(s,y))dyds|| H 2 
Jo Jd 

<G / ||/ VG(t-a,a:,»)-fv(u(*,i/))d»||H 2 dfl 
Jo Jn 

=C I || / (/-A)VG(t- S ,x, 2 /)-f JV ( U ( S , 2 /))dy|| i2( i s 
Jo in 

<G f{{t-s)-i^-V--* +{t-s)-i( p -V--*}\\f N {u)\\ ids 
Jo Lp 

<C(N)(ti-*<r-V +ti-fa-V), 

so that 

£ / T || T / VG(t - s,x,y) ■ f N (u( S ,y))dyds\\ 2 H2 dt < C(N)(1 + T)Ti-^P~ 1 \ 
Jo Jo Jd 

For the stochastic integral, by using Lemma 2.5 and (4.3) we have 

E[ \\ f f G(t- S ,x,y)a{u{ S ,y),d x u(s,y),d 2 x u{ S ,y))dydW s (y)\\ 2 H2 dt 
Jo Jo Jd 

<CE £ \\a(u,d x u,d 2 x u)f R dt < E(£c(l + \\u\\\ 2 ) + C {e)\\u\\ 2 H2 dt) 
<C(T,e)(l + E sup \\u\\\ 2 +E C \\u\\ 2 H2 dt)<C{T,e){l + \\u\\ 2 YT ). 

0<t<T Jo 

Combining (4.6)-(4.10), we see that there exists constant C(N,T,e) > such that 

\\Tu\\ 2 YT <C(N,T,e){l + E(\\u a \\ 2 L2 ) + \\u\\ 2 YT }. 

Therefore, the operator T is well-defined and maps Yt into itself. 
Next, from (4.2) we see that for any u,v G Yt 1 

Tu-Tv = c / G(t- s,x,y)[u(s,y) -v(s,y)]dyds 

Jo J D 

+ VG(i - s,x,y) ■ [f N (u(s,y)) - f N (v(s,y))]dyds 

Jo J D 

+ G(t-s,x,y)[a(s,y,u,dyU,d 2 u)-a(s,y,v,d y v,d 2 .v)]dydW s (y). 

Jo J D 
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Thus 

E sup \\Tu-Tv\\ z L 2 = E sup ||c / / G(t - s,x, y)[u(s,y) - v(s, y)]dyds 

0<t<T 0<t<T Jo JD 

+ 11 VG(t - s,x,y) -[f N (u(s,y)) - ( N (v(s,y))]dyds 

JO JD 

+ G(t - s,x,y)[a(s,y,u,d y u,d 2 u) - a(s,y,v,d y v,d 2 v)]dydW s (y)\\ 2 L2 

JO J D 

<CE sup {|| f f G{t- s,x 1 y)[u{s,y)~v{s,y)]dyds\\ 2 L2 
0<t<T JoJd 

+ ||/ / VG(t-s,x,y)-[f N (u(s,y))-f N {v(s,y))]dyds\\ 2 L 2 

Jo J D 

11/ / G(t- s,x,y)[a(s,y,u,d y u,d 2 u) -a(s,y,v,d y v,d 2 v)]dydW s (y)\\ 2 L2 }, (4.11) 

JO J D 



rt 

+ " 



and 



e[ \\Tu-rv\\ 2 H2 dt = E [ \\c [ [ G{t-s,x,y)[u{s,y)-v{s,y)]dyds 
Jo Jo Jo Jd 



+ / / VG(t-s,x,y)-[f N (u(s,y))-f N (v(s,y))]dyds 



'0 JD 

ft 



< 



G(t - s,x,y)[a(s,y,u,dyU,d y u) - cr(s,y,v,d v v,d y v)}dydW s (y)\\ H2 dt 

/o JD 

CEf {|| / / G(t-s,x,y)[u(s,y)-v(s,y)}dyds\\ 2 H2 
Jo Jo Jd 

+ ||/ f VG(t-s,x,y)-[f N (u(s,y))-f N (v(s,y))]dyds\\ 2 H2 
Jo Jd 

+ II / / G(t-s,x,y)[a(s,y,u,d y u,d 2 u)-a(s,y,v,dyV,d 2 v)]dydW s (y)\\ 2 H 2}dt. (4.12) 
Jo Jd 

By (3.12) we have 

E sup {|| / / G(t-s,x,y)[u(s,y)-v(s,y)]dyds\\ 2 L2 }<CTE sup \\u~v\\ 2 L2 , (4.13) 

0<t<T JOJD 0<t<T 

and by (3.14) we have 

E sup {|| f f VG(t - s,x,y) ■ [f N (u(s,y)) -f N (v(s,y))}dyds\\ 2 L2 } 
o<t<T Jo Jd 

<C(N)T^-^ p -^E sup ||u-v||| a . (4.14) 

0<t<T 

Moreover, by a similar argument as in the proof of (3.15) and but using (4.4) instead of (3.6) we 
have 

E sup {|| / / G(t - s,x,y)[a(s,y,u,d y u,d 2 u) - a(s,y,v,d y v,d 2 v)]dydW s (y)\\ 2 L2 } 
o<t<T JoJd 
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< CTE sup \\u-v\\ 2 L2 +CeE [ \\u - v\\ 2 H2 dt, (4.15) 

0<t<T Jo 

and by (4.8) we have 

Ef \\ f f G(t- S ,x,y)[u( S ,y)~v( S ,y)}dyds\\ 2 H2 dt<CTi(T + l)E sup ||u-t;||£ a . (4.16) 

JO JO JD 0<t<T 

In addition, by a similar argument as in the proof of (4.9) but using (3.14) instead of (3.9), we 
have 

T r t r 

2 



E 11/ / VG(t-s,x,y)-[f N (u(s,y))-f N (u(s,y))]dyd S \\j I2 dt 
Jo Jo Jd 

<C{N){l+T)Ti-i^-^E sup \\u-v\\ 2 L2 . (4.17) 

0<t<T 

Finally, by Lemma 2.5 and (4.4) we have 

E \\ G(t - s,x,y)[cr(s,y,u,d y u,d 2 u) - <7(s,y,v,d y v,d 2 v)}dydW s (y)\\ 2 H2 dt 

Jo Jo Jd 

< CE \\a(u,d x u,d 2 u) - a{v,d x v,d 2 x v)\\ 2 R dt < CE ((J\\u - v\\\ 2 + e\\u - v\\ 2 H ^jdt 

< CTE sup \\u- v\\ 2 L2 +CsE [ \\u-v\\ 2 H2 dt. (4.18) 

0<t<T Jo 

Combing (4.11)-(4.18), we get 

||ru - TvW^ <C{N){T + (1 + T)Ti-i { P-^ + (1 + T)T% +T + T^i^-^ + T} 
xE sup \\u-v\\ 2 L2 +CeE / \\u-v\\ 2 H2 dt. 

0<t<T Jo 

It follows that if T > and e > are so small that 

C{N){T+{l + T)Ti-^P-^ + {l + T)Ti +T + T^-i^-^ +T}<1 and Ce < 1, 
then we have 

\\Tu-Tv\\ Yt < S\\u-v\\ Yt 

for some S G (0, 1) depending on T and e, i.e., T is a contraction mapping in Yt- Hence, by a 
similar argument as in the proof of Theorem 1.1, we see that the desired assertion follows. This 
completes the proof of Theorem 1.2. 
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